The phase transitions of superlattices into single-and multidomain states were studied using a mesoscale phase-field model incorporating structural inhomogeneity, micromechanics, and electrostatics. While the predictions of transition temperatures of BaTiO 3 / SrTiO 3 superlattices into multidomains show remarkably good, quantitative agreement with ultraviolet Raman spectroscopic and variable-temperature x-ray diffraction measurements, the single-domain assumption breaks down for superlattices in which the nonferroelectric layer thickness exceeds the characteristic domain size in the ferroelectric layers. 5-12͒ have revealed that the transition temperatures ͑T c 's͒ and ferroelectricity of a superlattice are strongly correlated to its structural periodicity, electrostatic interactions, and substrate strain. 13 It has also been shown that interface contributions and the domain formation may affect the dependence of transition temperatures on superlattice structural periodicity.
5-12͒ have revealed that the transition temperatures ͑T c 's͒ and ferroelectricity of a superlattice are strongly correlated to its structural periodicity, electrostatic interactions, and substrate strain. 13 It has also been shown that interface contributions and the domain formation may affect the dependence of transition temperatures on superlattice structural periodicity. 14 However, prior theories and atomistic calculations of superlattices have often been limited to transitions of a paraelectric superlattice to single domains within each layer of a superlattice or to a specific regular two-dimensional domain structure. In this letter, we present a theoretical model that incorporates the elastic interactions, substrate strain, electrostatic interactions, as well as three-dimensional multidomains without assuming the domain morphologies a priori.
As an example, we consider ͑BaTiO 3 ͒ n / ͑SrTiO 3 ͒ m superlattices, where n and m represent the number of perovskite unit cells along the growth direction of ferroelectric ͑001͒ p oriented BaTiO 3 ͑BT͒ and nonferroelectric ͑001͒ p oriented SrTiO 3 ͑ST͒, respectively, where the subscript p denotes the pseudocubic unit cell. Our theoretical description is based on the phase-field method 15 coupled with microelasticity and electrostatics. Despite its continuum nature, such an approach has been shown to provide accurate predictions of the strain effect on T c and domain structures of ferroelectric thin films. 16, 17 In this approach, the ferroelectric domain structure is described by the polarization distribution P͑x͒ = ͓P 1 ͑x͒ , P 2 ͑x͒ , P 3 ͑x͔͒, where x = ͑x 1 , x 2 , x 3 ͒.
The total free energy of a superlattice includes the bulk free energy, elastic energy, electrostatic energy, as well as the gradient energy, i.e., 
where L is the kinetic coefficient related to the domain wall mobility. Figure 1͑a͒ shows a schematic epitaxial superlattice consisting of periodically alternating ͑001͒ p ST and ͑001͒ p BT layers commensurately strained to the underlying ͑001͒ p ST substrate. As the film thickness of a superlattice is typically on the order of hundreds of nanometers or less, i.e., very thin compared to both the in-plane dimensions and the underlying substrate thickness, the strain arising from the substrate constraint is uniform and in plane. In the out-of-plane direction ͑x 3 ͒, we assume that the top surface and the film/substrate interface are charge compensated. With these assumptions, we model the superlattice as a periodic structure, as shown in Fig. 1͑b͒ .
The bulk free energy ͓f bulk ͑P i ͔͒ is expanded into the Landau polynomial in terms of the polarization components. 18 The corresponding nonzero coefficients can be found in Refs. 18 and 19, as well as the lattice parameters and the elastic and electrostrictive properties of cubic/ pseudocubic ST and BT single crystals used in the following calculations. The variation of the coefficients and properties within the superlattice is described by a phase-field variable ͑x 3 ͒, i.e., = ST + ͑x 3 ͒͑ BT − ST ͒, where ͑x 3 ͒ represents a given property and takes the values of 1.0 in BT and 0.0 in ST. Across the BT/ST interface, we assume that the properties change linearly over the interfacial thickness.
The elastic energy density is obtained using the usual linear elasticity, f elas = ͑1/2͒c ijkl ͑x͓͒ ij ͑x͒ − ij 0 ͑x͔͓͒ kl ͑x͒ − kl 0 ͑x͔͒, where c ijkl ͑x͒ is the elastic stiffness tensor, ij ͑x͒ is the total strain, and ij 0 ͑x͒ is the stress-free strain. The summation convention for repeated indices is implied with i, j, k, l =1,2,3. Both ij and ij 0 are defined with respect to the cubic ST substrate as the reference. The stress-free strain ij 0 consists of two contributions: the ferroelectric transition and the lattice mismatch with respect to the substrate, i.e., ij 0 ͑x͒ = Q ijkl ͑x͒P k ͑x͒P l ͑x͒ + ij latt ͑x͒, where Q ijkl ͑x͒ represents the electrostrictive coefficients. The elastic solution was obtained using the microelasticity theory 20 of Khachaturyan and Shatalov together with an iterative method. 21 The electrostatic energy in the superlattice is given by f elec = −͑1/2͒E i P i . As E i =− ,i , the electrostatic equilibrium equation is expressed as 0 ,ii = P i,i , where 0 is the dielectric permittivity of vacuum. The gradient energy is the energy penalty for the spatial variation of the polarization field and can be expressed as f grad = ͑1/2͒g ijkl ͑‫ץ‬P i / ‫ץ‬x j ͒͑‫ץ‬P k / ‫ץ‬x l ͒, where g ijkl is the gradient energy coefficient.
We employed a simulation cell of ͑64⌬x 1 ͒͑64⌬x 2 ͒ ϫ͑N⌬x 3 ͒, where N =2͑n + m͒ for a BT n /ST m superlattice. A grid spacing of ⌬x 1 = ⌬x 2 = 1.0 nm and ⌬x 3 = 0.5a ST was used. The gradient energy coefficient was assumed to be isotropic with the nonzero independent one g 1111 / g 0 = 2.0. g 0 is related to ⌬x 1 by ⌬x 1 = ͱ g 0 / ␣ 0 and ␣ 0 = ͉␣ 1BT ͉ T=298 K . The width of the BT/ST interface is assumed to be one grid spacing ⌬x 3 . Starting from a small random polarization distribution, we solved the coupled elastic, electrostatic, and the TDGL equations to obtain the domain morphologies. We identify the temperature below which there exists a spontaneous polarization as T c . Figure 2 summarizes the predicted T c as a function of BT and ST layer thicknesses for phase transitions into either a single domain ͑labeled 1D͒ with P = P͑x 3 ͒ or multidomain ͑labeled 3D͒ state with P = P͑x 1 , x 2 , x 3 ͒ as well as T c values determined from UV Raman and variable-temperature x-ray diffraction ͑VTXRD͒ measurements. 12 To understand the difference between transitions to single-domain and multidomain states, we examined the polarization distribution and domain morphologies. An example of a domain morphology from a 3D simulation is shown in Fig. 3͑a͒ for a BT 8 /ST 13 superlattice at a tempera- ture of T = 300 K. There are two types of domains ͑repre-sented by two different colors͒ with opposite, out-of-plane polarization directions, i.e., tetragonal c domains separated by 180°domain walls within the BT layer. The magnitude of polarization in the ST layer ͓represented by empty part in Fig. 3͑a͔͒ is significantly less. The projections of the three polarization components at a particular x 2 value indicated by the gray plane in Fig. 3͑a͒ onto a line along x 3 at x 1 = 0 are plotted in Fig. 3͑b͒ . The out-of-plane component P 3 has its maximum at the middle of the BT layer, decreases gradually from the BT layer to the ST layer, and is close to zero in the middle of the ST layer. The in-plane components P 1 and P 2 are not absolutely zero. In fact, they have small values around the 180°domain walls and are maximal around the ST/BT interfaces. This means that across the 180°domain walls, the polarization switches its direction continuously. This cannot be seen if we assume that P = P͑x 3 ͒, the 1D model.
For phase transitions to a single domain of P = P͑x 3 ͒, a large polarization ͓the squares connected by a line in Fig.  3͑b͔͒ appears in the unstrained ST layers, which is slightly lower than the polarization in the surrounding BT layers. This differs dramatically from the polarization distributions of a multidomain state of P = P͑x 1 , x 2 , x 3 ͒, but is in agreement with recent first-principles calculations ͑which assume a single domain͒ of short-period BT n /ST m ͑n + m =5͒ superlattices. 6 Our simulations show that the polarization in the ST disappears when the dipole-dipole interaction is artificially switched off. Therefore, the polarization within the ST is not the result of a ferroelectric phase transition, rather it is induced by the dipolar field produced by the BT layer, i.e., a result of a "ferroelectric proximity" effect. The induced polarization in the ST layer and thus the depolarization field can be significantly reduced or almost eliminated by the formation of domains within the BT layers. On other hand, our simulations demonstrated that the effect of domains on T c can be neglected only if the thickness of the nonferroelectric layer is much smaller than the characteristic domain size within the ferroelectric layer, which are on the order of a couple of nanometers ͑ϳ3 -4 nm in our particular example of BT n /ST m superlattices͒.
In summary, we developed a phase-field model for predicting the phase transitions and ferroelectricity of superlattices. In particular, we studied the roles of multidomain states in phase transitions of superlattices. The predicted T c 's of ST/BT superlattices to multidomain states are in excellent agreement with experimental measurements, while the single-domain assumption breaks down at large layer thickness of the nonferroelectric layer, revealing the importance of domain formation in determining phase transition temperatures and other important aspects of ferroelectricity in superlattices. 
